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Introduction

Volterra integral equations

Define the Volterra integral operator

pVKuqpxq :“

ż `pxq

0
K px , yqupyqdy ,

where K px , yq is called the kernel, upyq is a given function of one variable.
The limits of integration are either

`pxq “ x or `pxq “ 1´ x .

We introduce a sparse spectral method to find numerical approximations
to the solution of Volterra integral equations of the first and second kind,
i.e. to find u satisfying

VKu “ g or pI ` VK qu “ g .
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Introduction

Function approximation with orth. polynomials

We expand functions using a complete basis of orthogonal polynomials:

f pxq “
8
ÿ

n“0

Pnpxqfn “ PpxqTf,

where

Ppxq :“

¨

˚

˝

P0pxq
P1pxq

...

˛

‹

‚

, f :“

¨

˚

˝

f0
f1
...

˛

‹

‚

.

This works analogously for bivariate orthogonal polynomials

f px , yq “
8
ÿ

n“0

8
ÿ

k“0

Pn,kpx , yqfn,k .
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Introduction

Jacobi operators

We can compute xf pxq if f pxq is given in coefficient vector form:

PpxqTJTf “ xf pxq.

This is efficiently possible because the Jacobi polynomials satisfy a three
term recurrence relationship, making J a tridiagonal operator.
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Introduction

Analogously on the triangle

We use the Jacobi polynomials shifted to the r0, 1s interval and denote
them by P̃pα,βq, which allows us to write the bivariate Jacobi polynomials
on the triangle as:

P
pα,β,γq
k,n px , yq “ p1´ xqk P̃

p2k`β`γ`1,αq
n´k pxq P̃

pγ,βq
k

ˆ

y

1´ x

˙

.

As in the 1-dimensional case we can define Jacobi operators (now block
tridiagonal) Jx and Jy , one for each variable:

Ppx , yqTJTx fM “ xf px , yq,

Ppx , yqTJTy fM “ yf px , yq.
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Spectral method for Volterra integral equations

The Volterra operator on coefficient space

We build the operator

ż 1´x

0
f pyqdy “ PpxqTWQQyEy fr0,1s

from two parts:

1 Qy is the integral operator

PpxqTWQQy fM “

ż 1´x

y“0
f px , yqdy ,

2 Ey extends a one-dimensional function on r0, 1s to the triangle:

Ppx , yqTEy fr0,1s “ PpxqTfr0,1s.
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Spectral method for Volterra integral equations

The operators

Using properties of the Jacobi polynomials one can derive

Qy “

¨

˚

˝

1
1 0

. . .
. . .

. . .

˛

‹

‚

, Ey “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

ˆ

ˆ

ˆ

. . .

. . .

. . .

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

where Ey pnqj “
p´1qj`np2j´1q

n . This also means that

pQyEy qpnq “ Dy pnq “
p´1qn`1

n
.
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Spectral method for Volterra integral equations

Dealing with kernels

Assuming a monomial expansion for the kernel1

K px , yq “
8
ÿ

n“0

n
ÿ

j“0

knjx
n´jy j ,

the primary part of the Volterra integration operator is

QyK pJ
T
x , J

T
y qEy “ Qy

˜

8
ÿ

n“0

n
ÿ

j“0

knjpJ
T
x q

n´jpJTy q
j

¸

Ey

“

8
ÿ

n“0

n
ÿ

j“0

knjpJ
Tqn´jQyEy pJ

Tqj .

where we made use of
QyJ

T
x fM “ JTQy fM,

JTy Ey fr0,1s “ EyJ
Tfr0,1s.

1We actually use a modified variation of Clenshaw’s algorithm on the triangle due to
see S. Olver, A. Townsend and G. Vasil (2019).
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Spectral method for Volterra integral equations

The method for integral equations

Equations of first kind, VKu “ g , turn into

P̃p1,0qpxqTQyK pJ
T
x , J

T
y qEyu “ P̃p1,0qpxqTq,

where now q is the coefficient vector of qpxq “ gpxq
1´x .

Equations of second kind, pI `VK qu “ g , turn into

P̃p1,0qpxqT
´

1´ p1´ JTqQyK pJ
T
x , J

T
y qEy

¯

u “ P̃p1,0qpxqTg.
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Quick notes on convergence

Sketch for second kind

For Volterra integral equations of second kind the operator to be inverted
is of the form p1`VK q and VK compact.
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Quick notes on convergence

Sketch for first kind (I)

Since VK compact from `2 to `2 we instead consider VK : `2 Ñ `21 where
`2λ denotes the Banach space with norm

}u}`2λ
“

g

f

f

e

8
ÿ

n“0

pp1` nqλ|un|q
2
ă 8.

Then the operator can be brought into the form

VK “ DpTf ` Cq,

where T is a symmetric Toeplitz operator with real entries and with
symbol f , C is compact and D is diagonal, bounded and invertible.
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Quick notes on convergence

Sketch for first kind (II)

The symbol of the Toeplitz operator part is uniquely determined by the
coefficients of the kernel to be

f pzq “
M
ÿ

n“0

n
ÿ

j“0

knj cos2n
ˆ

θ

2

˙

where z “ eiθ.

The resulting condition for convergence of the method is found to be:

@x P r0, 1s : K px , xq ‰ 0.
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Implementation in Julia under ApproxFun.jl framework
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Implementation in Julia under ApproxFun.jl framework

Three examples

We seek numerical solutions u1, u2 and u3 to the following three Volterra
integral equations of second kind.

Let C pxq “ e´10πx p1`20πq´2`cosp10πxq`sinp10πxq
20π .

u1pxq “ C pxq `

ż x

0
p1´ cos p10πx ´ 10πyqq u1pyqdy (1)

u2pxq “
e

x
2

π
`

ż x

0
psinp10πxq ` cosp10πyqq u2pyqdy (2)

u3pxq “ ex
2´2x `

ż 1´x

0

`

´2x ` y ` sinp25x2 ` 8πyq
˘

u3pyqdy (3)
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Implementation in Julia under ApproxFun.jl framework

A look at the kernels and operators
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Figure: Kernel contour plots and operator spy plots.
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Implementation in Julia under ApproxFun.jl framework

Convergence of numerical experiments
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Figure: Absolute errors for equations (1–3). u1pxq is compared to the analytic
solution, u2pxq and u3pxq are compared to a solution computed with n “ 5050.
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Discussion

The Volterra integral operator is banded on an appropriate basis of
orthogonal polynomials.

This can be used in a highly efficient sparse spectral method for
Volterra integrals and integral equations.

The method is not restricted to convolution kernels.

We have a working implementation of this method under
ApproxFun.jl framework.

As it is the method only works for linear Volterra integral equations
but an extension to non-linear cases is conceivable - we are working
on it.
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Clenshaw’s algorithm

The algorithm makes use of the polynomial basis’ recurrence relationships
to reduce function evaluation to the solution of a triangular linear system:

QyK pJx , Jy qEy “ pe0 b 1qL´TV pKM bQyEy q,

with

LV “

¨

˚

˚

˚

˚

˚

˚

˚

˝

p11 b 1q
pAx

0 b 1q ´ p11 b J˛q pBx
0 b 1q

pAy
0 b 1q ´ p11 b ˛Jq pBy

0 b 1q
pC x

0 b 1q pAx
1 b 1q ´ p12 b J˛q pBx

1 b 1q
pC y

0 b 1q pAx
1 b 1q ´ p12 b ˛Jq pBy

1 b 1q
. . .

. . .
. . .

˛

‹

‹

‹

‹

‹

‹

‹

‚

.

After appropriate preconditioning this system can be solved via backward
substitution, see S. Olver, A. Townsend and G. Vasil (2019).
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